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A REVIEW ,OF CUMULATIVE DAMAGE IN FATIGUE 
by 
N. M. Newmark 
I. INTRODUCTIO~ 
A. General Discussion 
The behavior of materials under repeated applications of 
loads of varying magnitude is an important practical problem. Most 
structures and machine parts are subjected to more or less random 
fluctuations of load, where both the maximum and the minimum inten-
sityof load during successive cycles are subject to variation. 
However, most fatigue tests are run under conditions of constant 
maximum and minimum loads during the application of the cycles of 
stress. 
The problem is so complicated and the number of variables 
so great that it seems almost impossible to deal with this question 
without some basis of theory or hypothesis as a guide. ' If we con-
sider what happens to a member during its history, it is convenient 
to think of the member as undergoing damage progressively increasing 
to the point of failure (however we may choose to define failure). 
2. 
Then, during each cycle of stress, the specimen is progressively 
da.ma.ge,d and the damage accumulates. However, this concept is subject 
to a great ,deal of modification because other things take place in 
the specimen at the same time. Because of the idea of a gradual 
change in the level of damage, it has become customary to speak of 
Itcumulative damage" as one of the phenomena in the fatigue test. 
With the aid of such a concept, it becomes possible to relate the 
behavior of a specimen under cycles of varying amplitude of stress 
to its behavior under cycles of constant amplitude of stress. The 
purpose of this report is to discuss these concepts and their appli-
cability to the endurance life of various parts of structures and 
machines. 
There is another reason why we should be interested in 
the problem of "cumulative damage," meaning in general the behavior 
of materials under varying amplitudes of stress. By proper choice 
of the stress history of a specimen, it ma~ be possible to throw 
more light on the fundamental factors influencing fatigue behavior 
in general. When we deal with fa.tigue we are faced with a serious 
scarcity of fundamental data.. Although there are great amounts and 
varieties of experimental data applying to the fatigue life of par-
ticular materials used in particular machine parts or structural 
members in certain definite ways, there is very little information 
which is of fundamental and basic importance, that can be applied 
to the development of explanations of the behavior of materials under 
repeated loading. It is difficult, if not impossible, to separate 
the effects of changes in residual stress, the influence of cold 
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working of the material, and the incidence and extent of cracking 
of the material, in the ~esults of the usual type of fatigue test. 
Because of the lack of suitable theories and because of 
the difficulty of relating information on basic behavior of materials 
to their uses in service, most fatigue testing has been done with a 
view toward simulating as much as possible actual service conditions. 
However, the l.mportant question remains whether such service condi-
tions can be simulated without a type of test in which the level of 
intensity of stress fluctuates in such a way as to represent the 
random variation of stress which one normally obtains in practice. 
Of course, it is recognized that there are some practica.l 
applications in which the maximum intensity of stress per cycle is 
practically constant during the life of the member. However, we are 
most ofte,n concerned with variations in maximum stress which have a 
pattern somewhat like that indicated in Fig. 1. At the left-hand 
side of the figure, there are indicated the rela.tive number of c~·cles 
of different levels of stress to which a particular part miGht be 
subjected. The curved line indicates this relative n1unber. For COD-
ver-ience in dealing with the stress variations simply, it is the 
usual practlce to divide a stress frequen~y diagram into a seri.es 
of arbitrary stress leve1s, more or less as indicated by the bars 
shown on the diagram. Of course, if the abscissa for each block is 
taken as the per cent of the total number of cycles, the sum of the 
abscissas of the various blocks should add up to 100 per cent. 
For convenience there is shown on the same diaeram a 
typical S-N curve. The problem that we are faced with in practice 
4. 
is the question: what number of cycles of a stress distribution 
varying in accordance with the frequency diagram will a particular 
part sustain if its S-N curve under constant stress levels is as 
indicated in the right-hand part of the figure? 
However, another important question which we should keep 
before us is the following: what types of frequency distribution 
of stresses can throw light on the fundamental behavior of materials 
under repeated loading? As a subsidiary question we might add also 
whether random variations of stress have the same effect as more or 
less systematic variations repeating the same general pattern. In 
other words, how does damage accumulate in fatigue and how is the 
accumulation of damage related to changes in residual stress distri-
bution, cold working, and other phenomena which take place during 
the life of a member subjected to repeated loads? 
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II • DAMAGE, HEALING, AND RESIDUAL STRESS 
A. Behavior in Fatigue 
To avoid ambiguity, certain terms used in this report are 
defined here. With reference to the S-N curve shown in Fig. 2, the 
number of cycles N at a given stress S is called the "endurance 
life ll at that stress. The endurance life at any given stress is 
actually determined by a "scatter band" of test points and can 
therefore only be represented approximately by an average value. 
The result of a single test may vary widely from this average value •. 
Both in the inclined part of the curve, and in the more 
or less horizontal part which is observed for certain materials, 
the scatter band introduces difficulty in estimating the effect of 
variables which have only a small effect. The significance of 
variations of individual points from the average curve must be con-
sidered in relation to the variation of results from specimens which 
presumably should behave alike. 
The S-N curve is obtained by repetitions of cycles of a 
given stress S until IIfailure tl of the material occurs af"ter N 
repetitions. However, failure is arbitrarily defined, and even the 
stress is arbitrary in many respects. At the point where failure 
is initiated, the true maximum stress is by no means a constant for 
a eiven constant value of maximum load applied to the test specimen. 
As the test progresses, changes in properties of the materials and 
changes in the permanent deformations produced in the speci~en 
7· 
introduce changes in the stress distribution. Residual stresses 
are produced which may make the actual values of maximum and mini-
mum stresses during each cycle considerably different from those 
ordinarily assumed. The changes in properties may make the range 
in stress during each cycle different from the value given by 
mathematical analysis, even when the material settles down to an 
almost elastic condition after some initial plastic deformation. 
Because of the lack of certainty regarding the stress, it is cus-
tomary to use the so-called Itnominal fl stress as a basis for discus-
sing fatigue phenomena. 
Regarding failure there is also an uncertainty, since the 
definition of failure is arbitrary. We may define failure as the 
condition which results in a crack, or as the condition which pro-
duces complete rupture of the test specimen or structural or machine 
part. There is some reason for considering failure to be the 
initiation of a sizeable crack rather than the development of com-
plete rupture; since it is likely that the growth of a crack may 
be associated with somewhat different causes than the development 
or initiation of the crack. 
It is clear that one can have several S-N curves for the 
same specimen depending on the definition of failure and the precise 
means of computing or measuring the stress. However after the 
choice is made as to the method of computing the stress S and' the 
definition of failure, there is a unique curve for a particular 
size and shape o~ specimen made of a given material and tested under 
a given pattern of repeated stress. 
8. 
During the progress of the test, there are three essen-
tially different things which happen to the material although these 
may be related in some respects: 
(1) Strain hardening of the material may occur with a 
consequent change in the physical properties. 
(2) The process of straining and possibly plastic defor-
mation may introduce residual stress patterns which change fairly 
rapidly at first and then more slowly as the number of cycles of 
stress increases. 
(3) Local failures may occur or discontinuities already 
present may propagate and merge together, becoming larger, with an 
actual increase in physical damage to the material. 
In general all of these things happen at the same time. 
As a matter of fact, it maybe that the process of strain hardening 
and cold working induces the propagation of local failures; and 
certainly the change in residual stress patterns is caused by the 
inelastic deformation of the material. However these factors are 
interrelated in different ways for specimens of different shape or 
form, subjected to stress of different intensities. The cold work-
ing or strain hardening is a function to some extent at least of 
the principal stress differences; the local failures may be a func-
tion of these or they may possibly be a function of tensile stresses 
or of stress concentrations at inclusions or other irregularities; 
and residual stress patterns are a function of the whole geometry of 
the test specimen and of the state of stress applied. 
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B. Accumulation of Damage 
Let us first consider the way in which damage to t.he 
material may accumulate and leave for later discussion the matter 
of strengthening of the material because of change in physical 
properties or change in residual stress states. 
At any given stress 8, any number of cycles Nl which is 
less than N may be considered to correspond to some degree of 
damage less than unity or 100 per cent damage. Let us designate 
the ratio of Nl to N by R, the "cycle ratio"; and. similarly let us 
indicate the degree of damage by D. Then the points on the 8-N 
curve correspond to a degree of damage of 1.0, or 100 per cent, at 
any level of stress. As the cycle ratio R increases from 0 to I, 
the degree of damage D also varies from 0 to 1 but not necessarily 
in a simple manner. 
Now the cycle ratio R is an easily defined quantity, but 
we have not yet·defined what is meant by any degree of damage D less 
than 100 per cent. It obviously makes no practical difference how 
we define D when we consider only one stress S. However, when we 
must consider several stresses, then we must have a definition which 
is not ambiguous. It is reasonable to assign the same degree of 
damage Dl as a consequence of a particular number of cycles Nl at a 
stress Sf, or of a number of cycles N" at a stress 8ft , if these two 
1 
conditions correspond to the same subsequent endurance in terms of 
number of cycles to failure at any third stress stft. In other words, 
we do not define precisely what we mean by degree of damage, but we 
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define what we mean by equal degrees of damage. This leaves D 
arbitrary which is a convenience since it may permit a correlation 
with some other physical property of the material or some separate 
criterion. 
However, there is an implicit assumption in the foregoing 
argument that a given degree of damage reached in a certain way is 
unique. This may not be the case; the two conditions cited may 
yield the same subsequent endurance at one or at several different 
values of stress but not at all subsequent values. We can find con-
ditions under which the assumption is not true, but we can also find 
many conditions under which it is approximately true. Moreover, in 
many of the cases where the assumption breaks down, we can make a 
correction by considering the effect of strain hardening and of 
residual stress changes to account for at least a major part of the 
discrepancy. 
Let us. assume that we have a number of different degrees 
of damage defined on the S-N plot in Fig. 2. Curves Dl and D2 cor-
respond to two levels of damage less than 100 per cent, and the S-N 
curve corresponds to a level of damage of 100 per cent. With the 
assumption that such curves can be defined, we can obtain very simply 
the cumulative effects of stresses of different levels by the simple 
process of proceeding along the diagram from one damage locus to 
another. For example, we proceed at the stress S' to 8. number of 
cycles N', which brings us to the curve defining the degree of damage 
1 . 
DI" If now we follow the first loading by a series of repetitions of 




ordinate corresponding to S" and proceed in the N direction by an 
additional amount N~ (if the stress S" is applied for an additional 
number of cycles N~). This brings us to the damage curve D2 . We 
could have arrived at this same point by an application of some num-
ber of cycles of 82 alone. We now proceed along the damage curve to 
the next stress and go in the N direction the next number of cycles. 
We can continue this process until we reach the value D = 100 per 
cent, which corresponds to failure. 
For each value of the stress 8, there must exist some 
relationship between the degree of damage D and the number of cycles 
applied. This relation can be expressed in a dimensionless form as 
a curve of some type on a plot of D vs. R. A series of such curves 
is shown in Fig. 3. 
For convenience in the following discussion we define two 
additional terms here. These are as follows: 
A "block of cycle ratio ll indicates the number, of cycles 
at a given stress which is applied as an increment in the progress 
of a test. 
The II cumul ative cycle ratio" is the sum of the blocks of 
cycle ratio from zero to the number of cycles reached at any given 
time. Thus if we apply blocks of cycle ratio corresponding to ten 
per cent at each of three levels of stress, we have a cumulative 
cycle ratio of 30 per cent. 
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C. Effects of Healing and of Residual Stresses 
The strengthening or so-called "healing" action which 
accompanies cold working and residual stress changes takes place 
simultaneously with the change in level of damage. Fig. 4 illus-
trates how these actions may combine in various degrees to produce 
different types of cycle ratio vs. damage curves. In Fig. 4(a) two 
curves, A and B, are shown which represent the damaging actions which 
might occur in a specimen subjected to two different levels of s~ress. 
The curve of Fig. 4(b) represents the healing action wh~ch might 
occur. The healing, of course, lies in the negative damage range of 
the diagram. The resultant curves are shown in Fig. 4(c). In one 
case the damaging effect is at all times predominant, whereas in the 
other there are some regions in which the healing action is predomi-
nant. In ~his case if the number of cycles of stress does not exceed 
that corresponding to the negative region of damage, there will be 
an apparent increase in endurance life if the specimen is subjected 
to another level of stress subsequent to the first loading. 
In general the effects of healing or of increase in endur-
ance are ~ost marked at stresses just below the endurance limit. 
Such stresses, commonly called tlunder-stresses,TI appear to strengthen 
the material either by inducing favorable states of residual stress 
or by cold working without serious additional damage. The effect of 
such healing action is shown in Fig. 5, more or less qualitatively. 
It has been shown by Bennett (2) and others that if several 
million cycles of a stress at or just below the endurance limit are 
applied to-a specimen and then the stress raised slightly and again 
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applied for a few million cycles, this process may be repeated 
numerous times before the specimen fails. This procedure of raising 
the stress level by small increments after a large number of cycles 
at each stress has been termed ncoaxing." For some materials it is 
possible to Itcoaxll the endurance limit to more than 50 per cent above 
its original value. There is also a corresponding increase in 
endurance life, but this does not appear to be the case if the sub-
sequent higher stress is considerably larger than the stress used 
in the coaxing process, however. 
Much the same effect may be obtained by pre-stressing to 
produce a favorable state of residual stress. A single pre-stress 
to a level somewhat higher than the subse~uent fatigue level may, 
under favorable circl~tances, increase the subsequent endurance 
life by a factor of as much as two or more. Some specific data on 
this point are given in the next chapter of this report. 
D. Determination of Damage Loci 
Because of the fact that the actual value of damage is 
not defined, only the relative values of damage can be determined 
completely. That is, we can assign arbitrary magnitudes of damage 
to the damage loci without changing the nature or significance of 
the results. We do change by this process the shape of the cycle 
ratio-damage curves for any given stress, but we do not change the 
relative shapes of pairs of such curves corresponding to two differ-
~,~ ent stresses. That is, we may plot any curve that we choose in the ~~: ~. 
I 
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D-R diagrams for a given stress. After we have once plotted this 
curve, then the cycle ratio-damage curves for other stresses are 
uniquely determined. The plotting of the first ~urve assigns arbi-
trary levels of damage to the damage loci in Fig. 2 which are cut 
by the ordinate representing any given stress. Since the assumed 
cycle ratio-damage curve for the basic stress is entirely arbitrary, 
it can conveniently be chosen as a straight line by assigning 
degrees of damage corresponding directly to the cycle ratio. We 
can next proceed by applying various cycle ratios of the basic stress 
or pre-stress to a series of specimens. For example, we can apply 
20 per cent cycle ratios to some, 40 per cent to others, 60 per cent 
to others, and possibly 80 per cent to still others. For each group 
of specimens, we next determine the value of cycle ratio remaining 
at the test stress level for which we want to determine the relative 
cycle ratio-damage curve. If, for example, at 20 per cent cycle 
ratio for the pre-stress, only 60 per cent cycle ratio remained at 
test stress no. 1, the relative ordinate between the two curves at 
the arbitrary figure of 0.20 damage would be 0.20 cycle ratio. In 
Fig~6 there are illustrated possible relative positions of cycle 
ratio vs. damage curves for three stresses corresponding to an 
assumed straight line curve for the pre-stress. 
We can also apply the stress designated as test stress 
no. 1 (or no. 2) first and then test to failure at the pre-stress 
level to determine the relative difference between the two curves. 
For best results both procedures should be used to determine whether 
the damage curves have the same relative positions regardless of 
which stress is applied first. 
15· 
The theories ror cumulative damage in fatigue presented 
by Miner (3), Langer (4), Luthander-and Wallgren (5), and others, 
assume that the cumulative cycle ratio at failure is 100 per cent. 
This is equivalent to the assumption that ~he cycle ratio-damage 
curves for all levels or stress have the same shape, or in other 
words that all of them can be represented as straight lines with 
values of damage numerically equal to the value of cycle ratio on 
the D-R curves. However, experiments show that this is not the 
case. Such experiments have been recorded by Kommers (6), Bennett 
(2), Richart and Newmark (1), and by Dolan, Richart, and Work (7). 
Only one illustration is given here, taken from Kommers' work (6), 
which illustrates not only the fact that the damage-cycle ratio 
curves are different for different stresses, but also the fact that 
under certain circumstances the order in which the stresses are 
applied leads to the same damsge curve within reasonable limits. 
In Fig. 7 there are shown data for one of the steels tested by Kom-
mers. The notation on the curves indicates the percentage above 
the endurance limit used as initial and as final stresses. Figure 
8 is a replot of these data taking the curve for the 20 per cent 
over-stress as a straight line. In this way one obtains two differ-
ent curves for the damage-cycle ratio curve corresponding to the 
10 per cent over-stress. One of these curves is obtained for the 
condition where the 20 per c~nt over-stress is used as a pre-stress 
and the 10 per cent over-stress used as a test stress, and the other 
curve is obtained in the reverse order. These two curves do not 
coincide, but they are not so far apart that an approximate curve 
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representing both of them could not be profitably used in further 
evaluation of similar relationships. The important pOint, however, 
is the fact that the cycle ratio-damage curve is not the same for 
the two different stresses. 
It should be noted that any use of values based on endur-
ance life at a given stress involves inaccuracies because the 
endurance life of a specimen is actually defined by a scatter band 
rather than by a single point. The scatter involved in the relative 
cycle ratio-damage curves for pairs of stresses is greater than the 
scatter involved in the value of N for either stress alone. Con-
sequently the relative cycle ratio-damage curves are subject to a 
great deal of experimental uncertaint!. In many cases, for applica-
tions to practical problems, it may be advisable to use the boundary 
or envelope of the scatter band as the relative D-R curve, since the 
cumulative cycle ratio, as will be shown later, is likely to be 
smaller for combinations of stresses in which the damage-cycle ratio 
curves differ a great deal than for those in which they are nearly 
alike. This procedure gives a result which might be expected to be 
on the safe side. 
E .. Cumulative Cycle Ratios at Failure 
It is fairly obvious from the foregoing discussion that 
if all cycle ratio-damage curves for all levels of stress have the 
same shape, they can all be represented by a straight line corres-
ponding to the equation 
D = R. 
When this equation is valid, then the cumulative cycle ratio for 
combinations of stress, at 100 per cent damage, is always 100 per 
cent. However when the cycle ratio vs. damage curves for different 
levels of stress are different, then it is possible for the cumula-
tive cycle ratio at failure to be different from 100 per cent. Some 
study of the ways in which the cumulative cycle ratio can vary are 
presented in this section. A more complete discussion is given in 
the paper by Richart and Newmark (1). 
Consider the family of cycle ratio-damage curves shown in 
Fig. 3. If we proceed along anyone curve for a given finite incre-
ment in cycle ratio, we arrive at a certain degree of damage. Then 
when we move to another stress, and proceed to another curve, we 
transfer our position from one curve to another along a line of 
constant damage. This changes the effective cycle ratio, of course. 
Then we proceed along the new curve with a corresponding increment 
in cycle ratio to a new l.evel of damage. We can then shift to still 
another curve or back to the first curve, if we choose, at a con-
stant level of damage, which involves again a change in the effec-
tive cycle ratio. The progress of a test, then, can be described 
as a shifting from one curve to another along horizontal lines of 
18. 
constant damage with progress along each damage line by an amount 
corresponding to the given increment in cycle ratio. For finite 
increments in cycle ratio the process can be traced out graphically, 
or it can be computed where the equation of the curves is known. By. 
this procedure one can arrive at values of cumulative cycle ratio 
for any given pair of damage curves if loading is carried on at only 
two stress levels. For more complicated loading conditions, one 
must have cycle ratio-damage curves for all of the stresses involved, 
but the technique of making the calculations is not materially 
different. 
For the present discussion it will be sufficient to indi-
cate the general trend of the cumulative cycle ratio for tests 
conducted at only two levels of stress. It is desirable to evaluate 
the cumulative 'cycle ratio for any arbitrary pair of such curves when 
infinitesimal increments of cycle ratio along the two curves are com-
bined in any systematic fashion. The expression for the value of 
cumulative cycle ratio obtained before failure is determined as 
follows: 
For the two curves ~ and~, Fig. 3, we have ml as the 
slope for curve ~, m2 the slope of curve ~, and da and db = rda as 
the increments of cycle ratio added." The ordinate gained as a con-
sequence of da cycles of curve a is ml da, while that gained due to 
db = rda cycles of curve b is m2 rda. Thus, 




flOO (R) 1 a = 1 + r dD • . . D=. ° ml + ~ (1) 
Equation (1) is the general expression for the value of 
total cycle ratio which may be accumulated by infinitesimal 1ncre-
ments of the two curves before failure occurs. The value of r 
represents the ratio of the cycle ratio increment of curve b to 
the cycle ratio increment of curve ~, and even if r is large the 
assumptions restrict the increments to very small values. 
Only one example to illustrate the use of this expres-
sion will be treated here, since the method is similar for other 
pairs of curves and involves only simple integration. If we take 
the two curves, D = Rand D = R2j the respective slopes are ml = 1, 
m2 = 2R = 2 (D)1/2. Then placing these values in Equation (1), 
we get 
(2) 
From Equation (2), the following values are obtained 
r = 1.0, Rl •O = 0·9014 
r = 0.10, Rl •O = 0.9724 
r = 100, Rl •O = 0.9832 
In general the cumulative cycle ratio at failure is less 
than 100 per cent when different cycle ratio-damage curves are used. 
This is illustrated in Fig. 9 which shows the results of ca1cula-
tions using various sizes of blocks of cycle ratio for three differ-
ent combinations of cycle ratio-damage curves. The further apart 
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the two curves are, the smaller is the value of cumulative cycle 
ratio which is approached. The value for large blocks may differ 
substantially from that for infinitesimal blocks and may under 
certain conditions even be greater than 100 per cent. 
These caiculations and the results given herein are not 
intended to represent any specific application. They are given 
only to illustrate the fact that it is possible for the cumulative 
cycle ratio to be considerably less than 100 per cent if the cycle 
ratio-damage curves for different levels of stress are very much 
different in shape. The fact that these curves are likely to be 
considerably different in shape for different stresses is indicated 
by experimental results obtained by a number of investigators, (2), 
(6) • 
In general th~ indications are that the cycle ratio-
damage curves for lower stresses lie to the right of and below 
the corresponding curves for ,higher stresses, and the differences 
between the curves vary somewhat in accordance with the differences 
in stress. However, the cumulative cycle ratio is least for curves 
which lie a given distance apart when equal blocks of cycle ratio 
are applied along the two curves. When unequal blocks of cycle 
ratio are applied, the cumulative cycle ratio becomes larger and 
reaches 100 per cent when only a very small number of cycles is 
applied at one of the stresses. 
There is some experimental evidence that the conclusion 
drawn from the theoretical studies is correct and that the cumula-
tive cycle ratio can be less than 100 per cent at failure. However, 
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it must be remembered that in general when stresses are applied in 
a random pattern the very fact of the random distribution of stress 
corresponds to a situation which might be somewhat different from 
that corresponding to the systematic variation of stress considered 
in the preceding discussion. Consequently one might expect a result 
more nearly approaching 100 per cent cumulative cycle ratio for 
random variations of stress. MOreover the healing effect and the 
effects of training or coaxing of the material may increase the 
cumulative cycle ratio to more than 100 per cent under certain con-
ditions. In general the result is that the theory presented by 
Miner and others is fairly workable, convenient, and not particularly 
lacking in conservatism. For unusual cases it may be desirable to 
consider failure to occur at a cycle ratio arbitrarily of, say, 0.80 
rather than 1.00. 
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III . RESULTS OF EXPERIMENT 
A. Cumulative Cycle Ratios 
There are only limited experimental data available on 
cumulative cycle ratio at failure corresponding to different stress 
patterns. A small number of test results on rotating beam speci-
mens of 25 ST aluminum alloy are reported by Stickley (8), but in 
only one of seven tests did he obtain a cumulative cycle ratio 
greater than 100 per cent. Because of the inevitable scatter in 
fatigue tests, however, one cannot draw satisfactory conclusions 
from these tests. 
Tests are reported by Miner (3) on axial loading of alclad 
24 ST aluminum sheet. Miner's tests include only one specimen for 
anyone particular combination of stresses. He obtained values of 
cumulative cycle ratio varying between 0.61 and 1.32, with an 
average of 0.Y5, for specimens in which the minimum stress in each 
cycle was 0.2 of the maximum stress in the cycle. Miner's tests 
were run generally at 2 to 4 different levels of stress. In general 
his tests were made with' either constantly increasing or constantly 
decreasing load levels. His results indicated generally good agree-
ment with a cumulative cycle ratio of unity since the extreme values 
are not excessively large compared with the normal scatter obtained 
in fatigue test results. Another series of tests by Miner in which 
the ratio of maximum to minimum stress per cycle varied also during 
the test, gave results ranging from 0.81 to 1.49 for cumulative cycle 
ratio with an average value of 1.05. 
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Tests reported by Dolan, Richart, and Work (7) on small 
!otating cantilever beams of several types of steel and- on an 
aluminum alloy indicate ranges in cumulative cycle ratio varying 
from 0.18 to more than 23.0. However the test data for this report 
indicate a fairly large scatter and the calculations of cumulative 
cycle ratio based on minimum S-N curves will indicate a substan-
tially different result from those based on an average curve. Cal-
culations from these data by F. E. Richart, Jr., indicate average 
values of cumulative cycle ratio of approximately 100 per cent, 
although the extreme limits lead one to be cautious about applying 
a cumulative cycle ratio of 100 per cent as a criterion for design. 
Test data in reversed axial loading on sheet specimens 
both with and without holes, of aluminum alloy, reported by 
Luthander and W~llgren (5) indicate a fair agreement with a cumula-
tive cycle ratio of 100 per cent. The load program varied in small 
steps over a range of stresses. They conclude that, for high values 
of maximum stress, the experimentally obtained fatigue life is some-
what less than the calculated value; for medium values, the experi-
mentally obtained life is greater than the calculated value; and for 
low values, the experimentally obtained fatigue life is also less 
than the calculated value. HOyTeVer, in general the agreement is 
fairly good. 
Test data have been obtained on a number of specimens 
consisting of ordinary A7 structural steel plates 3-1/2 in. wide and 
1/2 in. thick, with a I-in. diameter hole in the middle, subjected 
to repeated tensile loading in various combinations. The experimental 
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work was performed by F. E. Richart, Jr .. , and by J. E. Stallmeyer, 
under the direction of the writer. Some of the material is reported 
by Richart and Newmark (1). Cumulative cycle ratios obtained by 
Richart ranged from 0.68 to 2.11 for tests conducted at two stress 
levels without repetition of blocks of stress, and from 0.78 to 
~.33 for specimens in which alternate blocks of cycle ratio were 
applied a number of times. Some of the results of the tests are of 
interest in connection with the general discussion presented herein. 
For this reason a more detailed description of the test program is 
given. 
A view of the fatigue testing machine in which the tests 
were made is, shown in Fig. 10. The fatigue testing machine has a 
capacity of ± 50,000 lb. with a speed of 330 cycles per minute. 
All the specimens were made from a single plate and were normalized 
at 1,650 deg. F. for one-half hour before final machining. In order 
to conserve material the test specimens were welded to pulling heads 
which were attached to the testing machine. A sketch of the speci-
mens is shown in Fig. 11. The S-N curve obtained for the normal 
type of fatigue test of one series of specimens (tested by Stallmeyer) 
is shown in Fig. 12. The scatter band is not excessively large, 
possibly because of the large size of the specimen and the fairly 
large area subjected to maximum stress. In Fig. 13 there is shown 
a damage-cycle ratio curve obtained for a stress of ;2,000 lb. per 
sq. in., assuming that the cycle ratio-damage curve for 37,000 lb. 




reported by Richart and Newmark. (1) and is ,reproduced here as Fig 0 
14. In this curve the maximum di££erence is shown rather than the 
average as in Fig. 13. 
The damage-cycle ratio relationship shown in Fig. 13, 
determined by means o£ the procedure outlined in Chapter II of this 
report, can be used to predict the l1£e of a specimen under various 
patterns o£ application of the two stresses. Results of graphical 
calculations are indicated in Fig. 15. Equal proportions of cycle 
ratio of the prestresses are considered, with magnitudes ranging 
£rom 5 per cent to 40 per cent blocks. The results seem to be in 
general slightly below 100 per cent cumulative cycle ratio with a 
somewhat larger value corresponding to the condition when the lower 
stress is applied first. 
Tests were run using equal blocks of cycle ratio of the 
two stresses, namely 37,000 and 32,000 psi, in order to check the 
validity of the calculations. The tests in general show excellent 
agreement with the values of cumulative cycle ratio to failure com~ 
puted from the DR curve reported in Fig. 13. The cumulative cycle 
ratio to failure, with 20 per cent blocks of cycle ratio, was found 
by computation to be 0.972. The results of tests with 20 per cent 
blocks of cycle ratio, starting with the 37,000 lb. per sq. in. 
stress, gave cumulative cycle ratios to failure of 0.941, 0.988, and 
0.972. 
The results of computation for 10 per cent blocks of cycle 
ratio was 0.963. Corresponding results of tests with 10 per cent 
blocks of cycle ratio starting with the higher stress, gave values 
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Similar results, based however on the maximum difference 
curve in Fig. 14, are shown in Fig. 16 which is taken from the work 
reported by Richart and Newmark (1) 0 The two lower lines in the 
figure are computed for the higher stress applied first; the upper 
line is computed for the lower stress applied first. There is a 
generally good correlation in that the test results lie above the 
curves which correspond to the envelope values, as they should. 
However, there seems to be only a poor correlation with the predic-
tions based on which stress-level is first applied. 
It appears from the results of the small number of experi-
ments that have been reported to date that the cumulative cycle ratio 
is in most cases quite variable but has an average value of about one 
hundred per cent with a scatter somewhat greater than is observed in 
the normal endurance life for a test conducted at a constant stress 
level. However, there is an indication that the cumulative cycle 
ratio can be less than unity sufficiently often for this fact to t require consideration in design. 
~, 
B. Effect of Prestressing 
Fatigue tests were also conducted at the University of 
Illinois ,on the same type of spec~ens of structu~al steel which 
had previously been subjected to 2,000,000 cycles of a stress 
slightly below the endurance limit. The levels of prestress are 
,,' 
I 
indicated on Fig. 17, which shows the number of cycles at the test 
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stress plotted against the test stress. Most of the points lie 
within the band included by the upper and lower limit curves for 
the S-N curve for this type of specimen. However a few points lie 
somewhat to the right of the curve. In general it can be concluded 
that the effect of the 2,000,000 cycles of prestress had only a 
negligible effect on the subsequent endurance of the specimen. In 
some two or three cases, however, the subsequent endurance of the 
specimen was increased considerably, but the effect was too uncer-
. tain to be considered in a design procedure. Further investigations 
of this topic are now underway to determine whether the favorable 
effects of the large number of cycles of prestress arise from chang-
ing the physical properties of the material or from changes in 
residual stress patterns. 
Another series of tests has been made in which a static 
prestress· consisting of one single loading preceded the fatigue 
test. The fatigue test in every case was run at 28,000 psi. The 
data are summarized in Table 1. The five specimens listed in the 
table with no static prestress were specimens used in the determina-
tion of the S-N curve. The number of cycles to failure for these 
specimens ranges from 242,000 cycles to 391,000 cycles with an 
average value of 300,000 cycles. The static prestresses used ranged 
from a value of 30,000 psi·to ·40,000 psi on the net section of the 
specimen. The results of these tests are shown on Fig. 18. When 
the static prestress was 30,000 psi or 40,000 psi, the subsequent 
number of cycles to failure did not differ materially from the value 
without static prestress. The range of stress from 32,000 psi to 
35,000 psi seems to be the critical range. This would seem to indi-
cate that for the value of 30,000 psi the .residual stresses were 
not sufficiently large to be effective and that for the large values 
of static prestress the damage to the specimen was sufficient to 
outweigh the beneficial effect of the residual stress. The damage 
is most probably in the form of a minute crack which caused initia-
tion of failure even at the reduced maximum stress during the fatigue 
testing. The problem will be studied further by annealing the speci-
mens again after the static prestress. This process should leave 
whatever physical damage was done by the prestress while removing 
the residual stresses. Subsequent fatigue testing would then result 
in an even shorter life. 
In the critical range the life of the specimens shows a 
considerable scatter. This is probably due to the fact that the 
plastic deformation does not always occur at the critical region 
and necessarily would not have exactly the same effect in all cases. 
A number of specimens, however, show that the fatigue life may be 
doubled or possibly tripled by means of this process. This is 
undoubtedly due to a change in the residual stress pattern which 
causes the subsequent fatigue stressing to produce a somewhat 
smaller maximum stress during the·cycle. Part of the effect; however, 
may have been due to a change in physical properties of the material. 
Further studies of this phenomenon' are underway. 
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IV . SUGGESTIONS FOR STUDY 
A. Frequency Curves, Instruments, and 
Variable-Stress Fatigue Testing Machines 
For practical applications it is essential to have better 
information concerning the frequency curves of stress variation to 
which typical machine parts and structural members are subjected. 
In some cases these can be obtained by analysis, but in many other 
cases it is necessary to make observations of structures and machines 
in service to determine the conditions which are applicable. Since 
these conditions are likely to be more or less random in nature and 
subject to statistical studies only, a great many sets of data must 
be accumulated before any definit~ patterns can be considered. To 
determine such frequency curves it is necessary to have instruments 
which can record the required data. 
A possible pattern of fluctuation of stress is shown in 
Fig.19(a). There are two major problems which this diagram presents: 
(1) what is the simplest way of characterizing the stress variations 
so as to reproduce the essential features of this curve for test pur-
poses; and (2) what must be measured or recorded to permit a reason-
ably accurate reproduction of this curve, since it is practically 
impossible to trace such complete records for very long periods of 
time. 
We shall arbitrarily define a tlcyclett of stress as the 
fluctuation from one maximum, as at A, through a subsequent minimum 
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B to the next maximum C. The curve is characterized by peaks, 
such as A and C, and valleys such as B. However the seq,uence of 
the peaks and valleys is significant and cannot be. disregarded. 
We are forced by practical necessity to discard the idea of obtain-
ing a complete oscillographic record of thousands of cycles of 
stress variation (although this is not completely out of the 
q,uestion) and the reproduction of the exact pattern in a fatigue 
testing machine (which does seem to be hopelessly impossible). How 
then shall we proceed? 
What appears to be required is an instrument which can 
count the pertinent phenomena, and which can be attached to a 
member, left unattended for long periods, and read at suitable 
intervals to furnish the required data. It seems entirely feasible 
to develop an instrument either mechanical or electrical in nature, 
which can be used, provided we can decide what the instrument should 
count. There are several possibilities: (I) one may count the 
number of times each of 10 or 12 different levels of stress are 
reached or exceeded; (II) one may count the number of peaks and 
valleys in each of several stress ranges; or (III) one may count 
the number of times that increments and decrements of stress of 
several specified magnitudes are reached, between successive peaks 
and valleys. 
!: . A device which counts only the items (I) would not appear 
to be satisfactory. Such a count would enable one to compute only 
the difference in the number of peaks and valleys in selected stress 
ranges, but not the absolute number. Therefore such a device would 
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not distinguish be~ween curves such as shown in Figs. 19(b) and 
l~(c). A device'which counts the items (II) would give different 
results for these two curves, but would not distinguish between 
curves such as indicated in Figs. l~(d) and 19(e). A device which 
counts increments and decrements alone may be even more unsatis-
factory. It is not necessary to count items (I) if one counts 
peaks and valleys, items (II). For a complete representation, how-
ever, it seems necessary to count peaks and valleys as well as 
increments and decrements. This matter has not yet been adequately 
studied. One can only state tentatively that patterns of stress 
variation which reproduce the numbers of peaks and valleys at each 
of several stress levels, and which reproduce also the distribution 
of stress increments and decrements, will be nearly similar in 
nature; and fatigue tests which reproduce these characteristics of 
measured stress variation curves will give fairly reasonable guides 
to service life. 
In order to determine the fatigue life of members under 
patterns of stress which correspond to those observed in service, 
it is necessary to develop fatigue testing machines which can, 
unattended, change the level of stress according to predetermined 
frequency curves. This also seems an entirely feasible achievement 
and a start in the direction of the development of suitable machines 
has already been made. An attachment to the University of Illinois 
200,000 lb. fatigue testing machines has been constructed which will 
vary the maximum stress in accordance with instructions which can be 
prepared on a cam. Such a machine can run through a complete pattern 
of stresses in ten minutes to half' an hour and duplicate this pattern 
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again and again. A more elaborate device which can change both 
the maximum and min~ levels of stress in the various cycles 
over periods of ten minutes to half an hour is now being constructed 
for the 50,000 lb. fatigue testing machines at the University of 
Illinois. 
Fully as important as the development of the devices 
mentioned in the foregoing paragraph is the development of a pro-
cedure for interpreting fatigue tests made in the ordinary way or 
in some variation of the ordinary way so as to permit extrapolation 
of the results to more complicated frequency curves. As indirect 
means toward this end, it is desirable to have available instruments 
which can detect changes in properties of materials during a fatigue 
test or which can detect incipient fractures or cracks before they 
become large enough to cause a visible failure. Non-destructive 
methods of determination of residual stresses as well as of prop-
erties of material are also required. If the factors which cause 
changes in residual stress could be separated from those which 
cause changes in strength and those which cause damage to materials, 
it might be possible to arrive at a theoretical basis for the 
accumulation of damage in fatigue that would permit calculation of 




B. Random vs. Systematic Variations 
A fundamental problem in the applicability of laboratory 
fatigue test results to service conditions is the difference in 
nature between random applications of stresses of various levels 
and systematic variations in stress as applied by a machine. 
Such matters as rest period between applications of stress, and 
other factors, enter into the effect of the applied stresses. 
However, the most important effect insofar as cumulative damage 
is concerned is probably the way in which the stresses must vary 
from cycle to cycle in order to avoid building up a systematic and 
unreal condition in the specimen that is being tested. 
For example one way in which the fatigue life of the 
specimen can be increased tremendously is by the application of a 
gradually increasing stress starting at'a level somewhat below the 
endurance limit of the specimen. The results of such systematic 
programs have been reported by Bennett (2) and others. Specimens 
tested at the University of Illinois, of the type described in the 
preceding section, consisting of the structural steel plate with a 
bole in it, have achieved cumulative cycle ratios of 300 to 500 
per cent with only 200,000 cycles of repetition at stresses succes-
sively increased in steps of 600 to 1200 lb. per sq. in. Even 
higher cumulative cycle ratios could be achieved with somewhat 
longer repetitions in each interval. It may be necessary in the 
application of stress patterns to specimens to vary the changes in 
stress in such a way as not to go systematically from low to high 
~ and back again in applying a pattern, so as to avoid a systematic 
~, ~ 
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change in either residual stress or in properties of the material 
,. 
during each major cycle. Further studies of this problem are 
required in order to determine if the phenomenon is important. 
c. Elimination of Variables 
For the determination of fundamental fatigue properties 
and also for applications to specific practical problems, it is 
necessary to find means of conducting tests so as to eliminate some 
of the variables which affect the results. Some of the methods by 
which this may be done are exceedingly complicated, but unless these 
methods or similar ones are used it may be impossible to determine 
I~ the effects of the various phenomena that influence the behavior of 
a specimen under fatigue loading. 
One of the most important factors which must be eliminated 
from the problem is the effect of rest periods on the strength. In 
( other words, when a specimen is subjected to alternate high and low 
stresses, even though it is being stressed at the low level, it is 
~: effectively resting from the high stress applications. Controls must 
be run to determine whether the low stress application produces any 
effect other than that connected with a period of rest. 
The influence of residual stress changes or of changes in 
property of the material can be nullified by periodic stress reliev-
ing or normalizing of the specimens after a number of cycles of 
stress have been applied. Bennett (2) has used this technique and 
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has shown that the phenomenon of coaxing is probably due to increase 
in strength of the material (or possibly to a change in residual 
stress conditions). A specimen which was normalized after applica-
tions of a large number of repeated stresses had a subsequent 
endurance of only a normal amount, whereas a specimen which was 
not so normalized was I1coaxed" to a considerably higher strength. 
The influence of changes in residual stress can be 
eliminated to a fairly large extent by complete reversal of load-
ing. However, this may not 'be a convenient nor desirable thing to 
do. When loading is completely reversed, there is of course the 
possibility that some plastic deformation can take place in each 
cycle. However, this is not likely if no great amount of heat is 
generated during the test. If the specimen has a life of several 
hundred thousand cycles, it is probable that it has reached a state 
where the plasti.c deformation in each cycle is. negligible. Under 
these conditions it is not possible for the residual stress situa-
tion to change much during the later cycles and probably a completely 
elastic range of stress is achieved. However, the material prop-
erties are certainly changed and may be different in the regions 
subjected to large plastic deformation and in the other regions of 
the specimen. Consequently the stress distribution is no longer 
that in a homogeneous isotropic material. The stress distribution 
could still be elastic, but it might have to be computed by assum-
ing a non-homogeneous and non-isotropic material. In a rotating 
beam specimen which does have a complete reversal, the reversal is 
not of the same nature as that in a reversed bending test, and 
different pehriomena may be expected. 
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Possibly the most convenient way of eliminating residual 
stresses is by the use of axially loaded specimens of very nearly 
constant cross-section. Here the variation of stress over the 
section is influenced only by lack of homogeneity of the specimen 
and is probably a minimum. Even with plastic deformation the total 
load controls the magnitude of stress and the maximum stress cannot 
differ appreciably from the average, although some difference must 
be considered. 
Possibly the amount of damage suffered at various num-
bers of cycles can be studied by means of impact or static tests 
at low temperatures on material or on specimens which have been 
subje,cted to different numbers of stress repetitions. 
Non-destructive means of determining residual stress and 
physical properties would be most helpful in eliminating the effect 
of'the several variables. It seems likely that the discrepancies 
in the cumulative damage concepts arise from the beneficial effects 
of changes in physical properties and changes in residual stress 
levels. Without these it is possible that the concept of accumula-
tion of damage would be fairly valid. It appears to be necessary 
to separate these three influences in order to be able to predict 
the effect of any pattern of load variation on structures ·of com-
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Table 1 
Data for Endurance Life Following a Static Prestress; 
Fatigue Test Stress 28,000 psi 
Specimen Static Prestress Cycles to Failure Remarks HQ· :Q§~ 
69 0 259,300 
77 0 242,300 




95 0 311,000 
97 30,000 367,700 
94 32,000 593,200 
98 32,000 1,053,400 
104 32,000 i,685,500 
9~ 33,000 831,000 Broke in weld. 
101 33,000 345,000 Flaw in specimen. 
85 34,000 732,900 
87 34,000 750,000 
100 35,000 590,700 
103 35,000 1,630,700 
88 37,373 235,000 
102 40,400 311,000 
Frequency Distribution 
of Stresses 
Number of Cycles or Percent of Totol Number of Cycles 








Number of Cycles 
Fig.2 Illustration of the use of "Constant Damage" lines on 
the S-N diagram for determining Failure produced by 












Fig.3 Assumed Cycle R~tio 'IS Damage Curves Representing 









(a) Damaging Action Curves 
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(b) Healing Action Curve 
(c) Resultant Curves = (b)+ (a) 
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Fig.8 Data from Fig.:3 Replotted on the D-R Diagram to Show 
Possibility of One Curve for Each Stress. 
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Fig. 9 Convergence of the Values of Cumulative Cycle Ratio When 
Small Equal Sized BlocK's of Cycle Ratio Are Applied to 
Curves of the 0 = R" Series. 
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Fig.11 Dimensions of Test Specimens. 
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Fig. 13 Results of Tests using 37,000 psi. as Prestress 

























o Indicates the 37,000 psi. Stress Applied First. 
A Indicates the 32POO psi. Stress Applied First. 
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FIG. 14 RESULTS OF TESTS OF LARGE PLATE SPECIMEN USING 
37,000 PSI AS PRESTRESS AND 32,000 PS; AS TEST 
STRESS. (USING VALUES OF CYCLE RATIO FROM 
AVERAGE S-N CURVE.) 
+ Indicates the 37, 000 psi. Stress Applied First. 
o Indicates the 32,000 psi. Stress Applied First. 
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